We present a refined calculation method for the phonon part (Franck-Condon Overlaps) of the transition probabilities of electron-phonon radiative and non-radiative transitions in crystals. The evaluation of the thermal averaged Franck-Condon integrals is a purely algebraic method and the transition probabilities we use are derived from first principles and completely atomistic. For the electronic transitions we take into account the frequency shift of the lattice and the change of the phonon normal coordinates. Explicit formulae of the phonon parts are derived and it is shown that the common transition probabilities used in literature are special cases of our functional calculation technique.
Introduction
Reviews of the evaluation of Franck-Condon integrals in connection with thermally weighted transition probabilities were given by Meyer [1] , Stasiw [2] and Haug [3] . By these authors the nonalgebraic approach with non-resonant transition probabilities is described. This approach starts with a Fourier expansion of the energy conserving <5-distribution which results from perturbation theory.
Afterwards completeness relations for oscillator functions, so-called Slater sums, are applied. However, this method only works in the continuous part of the spectrum, as was already emphasized by Meyer [1] ; that means, it is not allowed to calculate non-radiative transitions between discrete states by this method.
In addition to the direct integration technique mentioned above, several approaches have been developed in order to circumvent such direct integrations. The method of moments was introduced by Lax [4] and developed by various other authors.
As in practice only a few moments can be calculated, this is a drastic restriction of the information to be gained, and for generalizations going beyond the static approximation the method seems not very well suited. Last not least the method of moments is not energy conserving. The method of correlation functions is frequently used, but finally the radiative transition probability is a semiclassical expression with respect to the radiation field.
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The most promising approach to calculate radiative and non-radiative transitions is the algebraic procedure which has been initiated by Koide [5] and put forward by Witschel [6] who used a purely algebraic method to calculate Franck-Condon transitions. Heinzel [7] demonstrated that by algebraic methods even thermal averages of phonon transition generating functions can be calculated.
In this paper we follow the method developed by Heinzel and derive an expression for the phonon part of radiative as well as non-radiative transition probabilities with arbitrary electron-phonon coupling. Our model is based on a theory developed by Stumpf and coworkers [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] . In this theory in a first step a microblock model is proposed to describe processes at one impurity center. In a second step these microblocks are collected to form a mosaic-block. By means of this theory we investigate resonance transitions and obtain explicit formulae for thermally weighted transition probabilities resp. for a phonon part with multidimensional harmonic oscillators frequency shift of the lattice and change of the phonon normal coordinates which is, as will be shown, even in lowest approximation in good agreement with the transitions studied in literature.
Fundamentals
For the derivation of transition probabilities in semiconductors with point defects we use the mosaicblock model introduced by Stumpf [8] This system is described by the base system
with the representatives of the subsystems | nm) dynamic electron lattice states of the crystal with electronic quantum number n and lattice quantum number m, |r>, | eigenstates of the radiation field, resp. heat bath.
As the states (1.2) do not diagonalize the total energy may divide H into HQ-\-H\, with H\ due to [19] :
The states | nm) = | %n} \ (pare calculated in the adiabatic electron-nucleon coupling scheme. Thus K i represents the non-adiabatic electron-lattice interaction [19, 20] and is given by **!*»> 11&> = N *9 "2 2
k=i 2Mk (1.4) with N the number of lattice ions and Mk the mass of the k-th lattice ion.
K L leads to non-radiative electron-multiphonon transitions, while K S contains electron-electron interactions leading to Auger transitions [19, 21] and direct interactions between impurity centers; H S is responsible for radiative transitions, while H W causes energy dissipation of phonons and relaxation to thermal equilibrium.
To describe the behaviour of the whole mosaicblock system we consider the time-dependent occupation probability Pa(t) for the state |a>. As the macroscopic observables are the effect of the microscopic transitions and thus are irreversible, the occupation probabilities satisfy the Pauli-
with the transition probabilities Wba given in first order perturbation theory and in thermodynamical limit by
The transition probabilities are additive with respect to the different subsystems [19] .
In the dynamical equation (1.5) all degrees of freedom of the different subsystems are contained. As we are only interested in the electronic reactions, all other degrees of freedom must be eliminated. This was done by Stumpf and coworkers [8] [9] [10] 12] leading to
where Pn(0 is the occupation probability of the electronic state | %n} and
are total non-radiative resp. radiative transition probabilities.
In ionic crystal semiconductors the impurity center electrons are mainly coupled to the long wave part of the longitudinal optical phonon branch and to single impurity center lattice vibrations.
For point defects the impurity center lattice vibrations are always outside of the phonon bands [22] .
Therefore, a calculation between discrete states has to be derived, as most of the electronic energy is transferred into the localized phonon states. Stumpf and coworkers [8, [13] [14] [15] [16] [17] ] evaluated a calculation method of non-radiative transition probabilities by observing the resonance character of the crystal states. As the resonance character is mainly due to the decay of the phonon excitations [15] , Stumpf introduced dressed phonon states [10] , whereby the resonance behaviour was incorporated in these states. For actual calculations the dressed phonons have to be represented by harmonic phonons [9, 10, 16] ; this has been done by Heinzel [17] who used the resolvent representation of the anharmonic system in terms of harmonic states.
To and analogously
with the line breadth function
and thermal averaged phonon line breadth y(T).
The advantage of this representation is that for explicit evaluation of the transition probabilities we can now use harmonic phonons without having lost the anharmonic coupling which is contained in the line breadth function dv(x). In the following we denote for abbreviation | nm) 1 by | nrri).
Radiative Transition Probabilities
In this section we only take into account the electron-photon interaction while direct photonphonon interaction is neglected. Then, due to the electron-lattice coupling, electron-photon interactions are accompanied by indirect phonon excitations. For the derivation of the energy operator H 3 from relativistic quantum electrodynamics we refer to [19] . Then for H s follows V: box in which the radiation field is enclosed;
x : runs over all eigenmodes.
For further evaluation we use dipole approximation with a>nn' on co*, and characterize the states of the radiation field by occupation numbers, and we replace the electronic matrix element by the mean value over all directions of k and over all polarizations perpendicular to k. These approximations were made in [17, 19, 20, 23] .
This leads from transition probability (1.11) to equations for emission and absorption:
Emission:
with vx as the mean photon number of the mode x and
Now we treat the crystal part of the transition probability. A representation of the total electronic wave function by suitable one-particle functions is given by
•WlM^ll)...y!t(rUt,R)] (2.6)
where /xi ... [xz provides the antisymmetrization, while X denotes a special sequence of the z = M -\-s one-particle states, n means the dependence of the general electronic state, r the position of the electron, R the position of the nucleon. The crystal matrix element of the transition probability (2.5) can now be evaluated with respect to one particle transitions [19] . This means that we have obtained a one-particle transition, while all other transitions vanish.
Since every electronic state has its own normal coordinates, the following representation is valid [17, 19] for the one-electron functions
by defining the quantity
Introducing generating functions for the polynomials [17] by
The matrix element (2.9) gives 
The matrix element contains different sets of normal coordinates {q"}, {<??'}. As these states are linearly dependent, the integral over the normal with the zero-point shifts of the oscillators coordinates can be evaluated. The transformation to normal coordinates is given by (2) (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) (13) (14) (15) (16) (17) and Wnn' (x) resp. the formulas for emission and absorption give
with the phonon part of the transition probability
where for brevity we put Ev'-Ev =D, and the variables Q result from the square of the matrix elements.
3. Non-Radiative Transition Probabilities radiative transition probability is given by (1.10).
The main idea for resonance transitions is a Since here we eonsider onl y bimolecular processes continuous background spectrum to which the it is possible to neglect Zs [19] . The matrix element, discrete states are coupled. It is sufficient to conres P; the transition probability of (1.10) may then sider the anharmonic coupling of the local modes divided i n t° to the non-local ones [10, 13, 18, 19] . The non-= W™. + W™> (3.1)
Wnh' belongs to K s -f-K[ and describes reactions of higher order, whereas belongs to K l 0 and describes only bimolecular reactions. As the different reactions are connected with transitions between different state configurations, the division (3.1) is possible. In the following we treat only . Then the non-radiative transition probability for bimolecular processes is given by [19] Kn-(T) = ~ ZL'(T)\<nni\K>0\n'm'y\zöy(E n m-E:;.).
Assuming a state description due to (2.6) and (2.8) the matrix element of (3.2) can be evaluated analogously to the crystal part of the radiative transition probability in the preceding section. After transforming to normal coordinates and specifying to one-particle transitions, for the nonradiative transition probability follows [17, 19, 24] Additionally, for small line breadths we can replace E 1^' by El -Q in the exponent. Then the products can be calculated and due to [7, 17] Here and in the following we will not always explicitly note that the parameters are to be set equal zero after differentiation. Now we can replace m't by the occupation number operator m[ and the expression exp{-irhm't to"'} can be shifted into the brackets. generalized Hausdorff formulae [7] . By use of the unitary transformation (4.11), (4.14) we obtain and therefore (4.17) can be written further evaluation due to (4.12) the normal-orderfunctions from which result some important gener-alized Hausdorff formulae [7] . Application of this in which we have commuted the operator technique to (4.20) gives the following expression exp{-ik n 'm} to the states:
• <Sfm| e na+ e r * a I <Prn/ exp jr3 + i m (k» -k n ') + ~ (k n -*•')[ ( 4 -22 ) with the definitions B = B(e ikn '(4.23)
We now consider for simplicity the expression (cf. whereby we introduced again the index t.
Approximations
The restriction |4jSjCV|<1 used in (4.32) means a restriction of the frequencies co? , <y?' according to (4.23), (4.13) and (A.l). An estimate of this expression [24] leads to \4BtCt\^8\AtBt\-^^~-(5.1)
where y.t due to (4.28) depends on the mode frequencies. For T = 0, the fraction in (5.1) takes the value 1, while for T = 300° and optical mode frequencies of the magnitude co = 10 13 sec -1 this expression approximately takes the value 2.5. Hence we conclude that also | At | 1 and | Bt \ 1 has to hold. This has the effect that only small differences between co? and co? are admitted, for instance for optical modes of the magnitude of 30%. Thus it is reasonable to approximate xt by exp{-ßKco™} and the power series of BtCt in ( To gain a better understanding of the meaning of these formulae we make some drastic assumptions 1-exp {-^Äco"} &= Il-exp{-^Äa>«} a2 ' (5 ' 19) and the shift of the equilibrium positions
It is of interest to compare these results with literature. In the Franck-Condon approximation the transition probabilities studied in literature are defined by the golden rule expression [2, 25] . 
Obviously (5.23), (5.24) are different in the factors ö resp. Öy. Hence if we treat these two terms we will not expect to get identical, but only similar results. As in this approximation the electron part degenerates to a simple factor, only the phonon parts are of interest. For thermal equilibrium of the lattice the phonon part of (5.24) in our calculation is given by (5.17).
Concerning the phonon part of (5.23) we follow the treatment of O'Rourke [25] and calculations by Stasiw [2] and Haug [3] . The crystal energies E n m are given by U" -j-2 ^( ; h ( m t + i) and therefore for the ^-distribution the following representation is valid ' 
